Scpowq-((J I ov phi oms (Hav E"]_, SL\MY"{-S\

et X ke a_ Y -schume. X\ - d
Twe d"ajmaal mov p hisw :\X X X — X
15 ™Mo Lmique morphis Sy
A X —= XXX whose l \(1
Lo posihon w/ P vojections X ——— 7
Kx¢ X — X is ™e tdumhty

X— X.

Recall tmat « ‘l‘bpb(uju'(,al Spate 18 Hausdo £ £ ™

Mo ge oA tne diagonal map  (did): X—XxX s cosd,
However e WV\AA,V(\g;Vj ﬁpolugical Spae o8 & schuams g
almost navew HWA-.SA—OV\L‘Q (Mﬂvv\ﬂ pb\'V\“'S ave not N
C(O&&d!) Twe 0vvxot(03uue, o M Hoacdov £ PVOP‘WJ“j Hv sdrenmnes

s Separa tedwess.

MJ A movphiom £: X =Y is Sepaivated if Twe o(u‘ajcnal
JAR X_’ X ny i§ o C(ok_of [ mMmretr-¢ Lon. [n T (asr, we

say X (& sepavated over Y

Remark: 1€ X is a sthume of finite type over €, we
Com give X ™M shucture of a tom, plex amalyte Spate , onnd
X g wpavated over Spec @ & The amalytie hpDIOj:j o X
it Hausdov



Fov oy V\'V\J R) Tveve (5 a lMM'C‘w, how\ovwovplm‘sm 7-R

7 i% called an initial Obg\ic/(’ in e c,a(—cjo\,(j ol rings. Thuwy,

TMere 8 o U\M\“qu&_ Movplm‘{«vv\ SP—QCR‘ﬁ Sp—e_bz MUX? €\/€.lﬁ
Schome X i$ overed by open eflines | onam movphigm
X =%pec T must e wmigue,  In fact, Trcre 15 always

sweh a l/movphfm CGXLVCI'SQ).

Ref: A schume X is sepavated 1+ i+ s sepoavaled over .
.U, L0,

Ex: Lt X be the affine line over kK with  goubled Origin.

e  schepnme XX X 1S Covered by four open affiu.s,

eaqch isomorphrc o {A(kxg//n\l,‘g Ai) O S vouﬂ\nly

W

uu’ ud V"c}

/Azl'- ""/ doubled axes od four | 4(*)
Ovigins. The IMage oA X intorsected /

W/ \/”_ hoas closed points C’X,’rﬂ / X
6. xe U, ﬂuz)@ whirda is D i+

e Yy~ % minus e O'\rfjl'h) whivel g wot clo sed.

Yowr self TS
i$ true

Prop: Amv morphism of od@ive sthumes i SpecA = 5pecB

is  sepavated.

PE SPLCA X pect Spech = SP“-C(A@BA)) ol Te 0(""“36“6‘(



vvxmrpl/\(imn Lovirey ponds ‘o Twe V(V\j map

ARA — A

G, @a, /2 a.a,

wWhielhh (g gmvd'e.c,ﬁue, Thus A 15 a CIOM WA me L §iw.

Cov: A wmovphiom £ X—V is &Lraa!rmko( S A(X\?XXYX s
cloged.

P (=) fillows from deb of cloed immersion.

(&) Need P show: 48 X =4(x) is & hovmeomovphrgvm owd
Oxuyx— Le Gy 18 surjechve

Sinw Twe wposition X—%Xxyx b, X s D rOUnh'f-jJ

A mugt  be o \’\D\N\e_omovp'm'?vv\.

Now fake PeX ond USX a uhood of P small emough so
thed  F(UW) CV, o open affne in Y. Twen Ux U g
o opam obine neighborhood of AP, od o:U—UXU
must ke o cloged immursion by twe pop. Thas, twe
Map o cheauves éxx\,x — A, O, b sujechive iw
a heighborhosd o B w it's wurjective. (Do gow see
why fuis s wH-ic,iwwL?)- A



Valuafive ciiletion of }gpavai-tdl/ms\s

Roughly, X is sepavated if A anmy cwrve C ond PeC
givem  a  wmov phigwm C-LPs — X | e g o mos
e way tp extmd e map b oall o C. 0F course

A w/ doulbled ov(jf\/\ Laile:

o) A'—P
J

—

Two ways

to extond b A

Twis 1§ a local CCJ'\'\oll"h'o-v\l o Wwe  Cean ju've A Clitevtom

on Tue stalk o € ok P, which is o DVR (ov move

qu(tj a valughy o w‘vx\j) We frst ey ey SOV Ctla,(,bqu

Def: Lot K be oo feld amd G o bohally ovdoced abelian
Jroup (usuq((g /Z). A valuahtvw o K w/ values in G i
& map v: K-S — G st

) VC*fj):\/C’KB'*VCU ), p\,vd

o U (xty) 2 miv (v(x),v ().

The sulovinng R=?xekK \ VC*)EOEU (oY 15 a valuahion ring
i€+ . fn-l—cqm[ dovinain  w/ 1['1{,\('10‘(; Md’\d\/\& R




R s local w/ waxt ideal w=gxeR|V(x)>0y.

R s o discrek valuabion g (b\/RB i 6 =7

qu'\ra(amﬂtj, o Noetvmanan f\nkjml dovmara R i
o DVR & R ig¢ local ond not o fGeld and it

maxinal daeal s principal.

Ex: R=k(~]

> 7 o & o DVR w/ valuahow k(x) -0y > 2

3(vw by ux* = (w/ na unit in R),

Def: £ A B ave local rings contained (n o feld R,
B dovinatec A € ACB od mg VA = Wy
(wma ond Mg e wiax'l idealsy o& A ad B, Vespcoﬁvd\kb

Lt K he o feld, X a golume. Them o
morphisn  Spec K = X is equivalent to o
point X6 X ol ownn  nelus fow k (’X\ C K.

To see Tuis, leb x e X bhe e PD\'V\‘(‘ i T I ege,
N Wwe é,cf a local V\MOW\DVPMESW\ o Stalls

Oy, — K

with  kerinal m,, o k (P) = ®K)V'W\,(C_e <



[ £ inslead  Wwe replace Spee K wy/ Sptcfz, wilre
R is o valuahon w'i\j 6 k,v\m 3&{- e ﬁtkow(vxo-'

brmma: Lt T=SpecR, witnu R as above, Than g
moviphibm T X is equivalemt T o choice of
points % % e X witw X, € m (ie. =,
specializes o Xo | w v ithen %,W*MCD ol on
inclugon  of  Relds k(’X.\QK anch Tat R dowinates
@7(”% , Whave T i Tue subschenee {0 % ity

its veduweed Mduced Sshucture.

a"’" et t,=mp CR Hw mexivmal (dea) | amd = (o)
v Wu'a poila{*.
Considun a movlolm'gl/v\ T_’XJ o~d et % and ¥,

e tine t‘w\o\ﬂeg A t, ad €. Thar T
Movp i Lo tov s Wtfoujl/\ <
T — ?

Sy

Sinee %, s Tue grrevic povit o 2 onvd 2 s
Ve,cluc,e_dJ é’X,JZ s oo field Csc,e. Hw 33) S0
k(x) =G g, ot i+ g e Feld o Bachors of Oy 2

P we have local v vnorv phioms
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)

M kC"u)gﬁOtl,sch = |’<

Taus @x”z ¢ R ¢ k) ) R dominake, @1,,(“%_
(,()’V\V-CV}(,LU) 3ivem Ao, T ood o fnelusion kC’X,)Ck
s.4. R Ao i nates @X“%) We lhave o nclusron
Gx 2 QR whiclh 'Hnms wducey a Vmov\ol/u'(rvy\

°y

em—

| — S‘:—e_c, OX”%-

CMPOS[V\j h’\ib \/\// "H/u, va,lo $|9-<_c©7¢“2ﬁ>( Wwe
91/(‘ o VvLovp\m'Wm T“’X W]

We  thow viate Twe valwahve criferien of Sepavatedness.
Fov  pwof, o Havtglhovine.

Noe‘(lei%
T (valuative Criterion o4 &Pavak(]{hQSS) Let £: X—Y
be & movphism of schenmes. §F is Sepavaked (£ T
-Po((ow(v:j holds = For anny valuahion ving R w/ quotent
feld k) let T =SpecR, U=Speck 1t U—T
Given wovphioms T =Y ond U - X st Twe
140((0\/\/{!/3 cormmukes



M‘fe_ ) at Mmost owe movph\m T—B'X V\Aak[l/:j
Twe Whole di&grmm C,ow\ml,\k.

Frovwn Twe MDV-@VMJ we. gx;% Seveval U\,SC,‘{"U[‘ Lovoklaqu‘.

Cor: o) Opem & closed immersions are Sepavated.

b) A composhin ot Sepavated movphitomy iy xpavated.

c.) Sepavated movphiswmg ave fable wwder bage
¥ fension (i.e. i X— Y s Se‘oavakd i
V=Y s movphigm, e X Xy\/, — Y s
epavated )
0(3 f: X —>Y g S&Poura('ﬁd S Y has o open Lover
SN sk R v) = Ve s sepavatd for each

Q,) [+ X—=Y—7¢ Y S-Q.quakd)ﬂ/u”\ X—Y i
%paqud.

-)C) | £ X——-)Y ovd\ X,—> y/ Qe 32quo\{-€c%} So iS
X x X — Y x:Y/



PL ot ) Suppoe T Y ot U— XX Y ave

Fwo Vv\_ov(-)]m'm_g ey T fue Movm) ovoh Suppose
we have ftwo naps T — XXY\/( ma king [\

o(faj\roww_ Coviamy, fe:
U — XxY ' ——= X

|~

i >V ——= Y

T we 3,@% two Map S T —X, S n e, X—B\/ l$
parvated, Tuse av< tThe same. But T by Tue
wmiv. propevty ot RFber produdks, o maps

T — XY must be e same. O

The \PVDO-FS oA Twe oTvrs adve S{vmilav.



